Turbulent velocity spectra, as measured by a scanning pulsed 
Introduction
This study aims to explain how a scanning pulsed wind lidar measures turbulence spec-tra in combination with the velocity azimuth display (VAD) technique of data processing.
23
In particular, a theoretical model of the turbulence spectra measured by a pulsed wind 24 lidar (WindCube) operating in a VAD mode is developed. The model is verified by com-25 paring measurements from a lidar and a sonic anemometer (sonic).
26
Turbulence spectra are one of the main inputs in designing any physical structure where 27 random variations in the atmosphere produce random vibrations in the structure, such 
52
Although the performance with respect to mean wind speed is currently relatively well 53 understood, in order to use a lidar as a standard measuring instrument in the future, a 54 fair degree of confidence is also required in the turbulence measurements.
55
Although new to wind energy, for meteorology, lidars have been investigated previously 56 to measure turbulence using different scanning techniques. Turbulence statistics from li-57 dars has actually been a topic of research since the 1960s. One of the early measurements 58 of turbulence spectra was conducted by Kunkel et al. [1980] , where only the longitudinal 59 component of the wind field was measured in the convective boundary layer. parisons were obtained with the spectral functions of Kaimal et al. [1976] . Hardesty et al.
61
[1982] measured turbulence spectra in the surface layer by conically scanning lidar in the 62 vertical plane. Large attenuations were observed in the mid-frequency range that were just 63 below the scanning frequency, whereas additional spectral energy was observed at high 
93
In the remaining sections, we concentrate on investigating how turbulence spectra are 94 measured by a pulsed lidar. In section 2, we explain the basics of the WindCube measure- 
where f and λ are the frequency and wavelength of the emitted radiation, respectively.
Mathematically, measurement of the line-of-sight velocity by a scanning lidar is given as D R A F T October 31, 2011, 5:36pm D R A F T the dot product of the unit vector in the direction of the measurement and the velocity field at the center of the measuring volume,
where θ is the azimuth angle, d f is the center of the range gate at which the wind speeds are measured, n(θ) = (cos θ sin φ, sin θ sin φ, cos φ) is the unit directional vector, and v = (u, v, w) is the instantaneous velocity field evaluated at the range gate d f n(θ). In practice, for a lidar it is impossible to obtain the backscattered radiation precisely from a single point, and there is always backscattered radiation of different intensities from different regions in space along the line-of-sight. Hence, it is necessary to assign appropriate weights to the backscattered intensity such that the weight corresponding to the center of the range gate is the highest. For a pulsed lidar, a triangular weighting function ϕ(s) is commonly assumed [Lindelöw , 2007] , which is given as
where l p is the half length of the ideally rectangular light pulse leaving the lidar, assuming matching time windowing (= 2l p /c, where c is the speed of light). The weighted average radial velocity can thus be written as
where s is the distance along the beam from the center of the range gate.
100
In this study, we derive expressions of turbulence spectra assuming that the wind comes from the North. The equations become too cumbersome if an arbitrary wind direction is considered. Nevertheless, the same framework can be used in modeling turbulence spectra
for any wind direction. Let us denote the unit vectors in the four directions as
where the subscripts of the unit vectors indicate respective directions and Θ is the wind direction. In this study, we use Θ = 0. If we consider the coordinate system such that the u component is aligned in the mean wind direction, then from simple geometrical considerations for Θ = 0, we get
where the subscript wc denotes the measurement by the WindCube, andṽ rN ,ṽ rS ,ṽ rE , andṽ rW are the weighted average radial velocities in the North, South, East, and West directions, respectively. For the w component, we use the formula by the company that produces the WindCube, Leosphere,
where P and Q are the weights associated with the wind direction such that P + Q = 1.
Leosphere uses P = cos 2 Θ and Q = sin 2 Θ, and hence, we use the same in our calculations.
Thus, for Θ = 0 we get
Further details of the working principles of the WindCube are given in Lindelöw [2007] . as [Wyngaard , 2010] 103
where k 1 is the wavenumber, F ij (k 1 ) is the one-dimensional spectrum, R ij (x) is the autocovariance function, x is the separation distance, and X is the length of the record. Since the WindCube cannot make continuous measurements, let us take only discrete values such that X = N ∆x and x = n∆x, where n is an integer multiple, N is the total number of samples, and ∆x is the distance traveled by the wind when the lidar beam shifts from one azimuth angle to the other. Since it takes about 4 s for the WindCube beam to move from the North to the South, or from the East to the West, assuming Taylor's hypothesis to be valid, we get ∆x =ū × 4 m, whereū is the mean wind speed. If we evaluate the spectra measured by the WindCube at only discrete wave numbers k 1q = 2πq/X, then we can write
The challenge now is to find an expression for R ijwc (n). 2. The spatial structure of the turbulent flow is described well by the spectral tensor 107 model of Mann [1994] .
108
We first demonstrate the model of R ijwc (n) for the u component and use the same 109 framework to derive the v and w components. We begin by considering the mathematical form of Taylor's hypothesis such that
where t is the time. For simplicity, let us first neglect the averaging along the line-of-sight. We will introduce this averaging later in the equations. For the turbulence spectra 112 measured by the WindCube, it is necessary to consider the exact spatial and temporal
113
position of the measurements. The wind vector is constructed using the North and South
114
beams such that at any given instant, one current and one previous measurement is used.
115
If we assume that at t = 0, we use the current measurement from the North beam and 116 the previous measurement from the South beam, then combining Eqs. (6) and (11) we 117 can write
where e 1 = (1, 0, 0) is the unit vector in the mean wind direction. Combining even and odd m from Eqs. (12) and (13), we can write
We know that by definition, 
m+n )/2 ∆x as the separation distance between the S-S beam combination, then we can write
where Rṽ rS (n) is the autocovariance of the radial velocity for the South beam.
is related to the three dimensional spectral velocity tensor Φ ij (k) by the inverse Fourier transform [Wyngaard , 2010] , i.e.,
where
denotes the wave vector. Substituting Eq. (17) into (16) and rearranging the terms, we get
whereˆdenotes Fourier transform and * complex conjugation. Reducing the expression of r, we get
Similarly, if we assume that at t = 0 we use the current measurement from the South beam and the previous measurement from the North beam, then we get
and the separation distance for the S-S beam combination is given as r = −(−1) m ∆x/2(1 − (−1) n ) + n∆x. In order to make the time series statistically stationary, we consider that there is an equal probability that the beam at t = 0 points either in the North or South direction. This eliminates the dependence of the autocovariance function on m. We perform similar analysis on the auto and cross covariances for other beams.
In total, we then get eight separation distances; two for the S-S, two for S-N, two for N-S, and two for N-N beam combinations. If we denote r u l (the subscript l denotes the respective beam combination) as the separation distance for different beam combinations, then we can write all the separation distances in compact form as
(1 − (−1) n ) + n∆x for l = 1, 2, 7, 8;
(1 + (−1) n ) + n∆x for l = 3, 4;
Following a similar procedure for the v component, we get the following separation distances:
The separation distances for the w component are the same as those for the u component, because only the North and South beams are used to obtain w wc (Eq. 8). Combining
Eqs. (12)- (22) and using the symmetry properties of Φ ij (k), we get the expressions for D R A F T October 31, 2011, 5:36pm D R A F T the autocovariance of the u and v components as
The expression for the w component is similar to that for the u component, except that the 119 second term in the square brackets of Eq. (23) is added instead of subtracted, and sin 2 φ 120 is replaced by cos 2 φ in the denominator. Substituting Eqs. (23) and (24) into Eq. (10), 121 we can finally theoretically calculate the turbulence spectra measured by the WindCube 122 for the u, v, and w components of the velocity field.
123
In order to see the extent of attenuation and redistribution of the spectral energy, we compare these models with the true theoretical spectra measured by sonics and those measured by the WindCube. The true theoretical spectrum of any component of the wind field is also given as (apart from Eq. 9) [Wyngaard , 2010] ,
We consider the sonic measurements to essentially represent the true theoretical spectra. 
where u * is the friction velocity, κ = 0.4 is the von Kármán constant, g is the acceleration due to gravity, T is the absolute temperature, θ v is the virtual potential temperature, and w θ v (covariance of w and θ v ) is the virtual kinematic heat flux. u * is estimated as
where u w and v w are the vertical fluxes of the horizontal momentum.
148
The precision of the sonics is estimated to be about ±1.5%. certain separation distances at 100 m. This is explained as follows.
186
In our model, we have assumed validity of Taylor's hypothesis, which states that tur-187 bulence is advected by the mean wind field, i.e., the local velocity of the turbulent eddies 188 is so small that they essentially move with only the mean velocity. In other words, tur- will cause an overall decrease in R uwc (n) at n = 3. From our calculations, we also find 195 anomalous behavior of R uwc (n) at n = 2 and n = 4. Revisiting Eq. (21), we find that at 196 n = 2, r u 3 → 0 and at n = 4, r u 4 → 0. This implies that it will cause some reduction in and 6 − 2, corresponding to separation distances of 2∆x, 3∆x, and 4∆x, respectively. We 206 do not get unusual covariances at 3 − 2 because the sets (2, 1) and (3, 2) do not contain 207 beam 5, and similarly at 6 − 5, since the sets (5, 4) and (6, 5) do not contain beam 2.
208
Thus, in general, we will always obtain unusual covariances at the heights at which the 209 distance between the North and the South beams corresponds to separation distances of
210
(n − 1)∆x, n∆x, and (n + 1)∆x (where n is odd, since for even n the North and South 211 beams never intersect). Thus, if we now consider intersection points B (≈ 35 m) and C
212
(≈ 173 m) in Fig. 3 , then the separation distances are ∆x and 5∆x, respectively. Thus,
213
we should expect unusual covariances at 0, ∆x, and 2∆x at 35 m, whereas at 173 m, we 214 expect the same at 4∆x, 5∆x, and 6∆x.
215
In order to verify the above explanation, R uwc (n)/σ interference phenomenon, which is also present in the measurements at 100 m, very well.
223
Thus, it could also be implied that in nature, Taylor's hypothesis is valid to some extent. Taylor's hypothesis, the beams never interfere with each other at any separation distance.
236
Thus, this result indirectly verifies the beam interference phenomenon explanation for the 237 u component at 100 m. We give the following explanation for the over estimation of the 238 spectral energy at very low wavenumbers.
239
From Eq. (24), it is understood that the v spectrum measured by the WindCube contains contributions from the v and w components of the spectral tensor, i.e., Φ 22 (k) and Φ 33 (k), weighted by the corresponding weighting functions |ϕ(k · n E )| 2 and |ϕ(k · n W )| 2 . Due to the assumption of uniform shear and no effect of the Coriolis force by Mann [1994] , the symmetry group of the spectral tensor model is such that the co-spectral energy between v and w is zero, i.e., F 23 (k 1 ) = 0. We observed, using sonic anemometer measurements, that
is not exactly zero, but has some negative spectral energy at all wavenumbers.
We also observed that F 23 (k 1 ) < F 13 (k 1 ). On closely analyzing Eq. (24), we note that, in nature, if F 23 (k 1 ) contributes to the covariance measured by the lidar, it will result in overall reduction of R vwc . Thus, the symmetry group of Mann [1994] may not be entirely valid. We also find that the contribution of the second term in Eq. (24) and only the first and the third terms add to the spectral energy. Let us now consider a case such that at 60 m, the beam is staring perpendicularly to the mean wind field in a horizontal plane. It will thus measure only the v component of the velocity field. In this case, the v spectrum measured by the WindCube is given as
where * denotes spectra for a staring beam lidar. In Eq. (29), we first integrate over 240 the k 3 domain, and the resulting two dimensional spectrum E v (k 1 , k 2 ) is weighted by the as (k 1 , k 2 ) → 0, then the contribution of this spectral energy in the one-dimensional 244 spectrum will be significant. In order to verify this assumption, we calculate
at three values of k 1 , i.e., k 1 = (10 −1 , 10 −2 , 10 −3 ) m −1 , as shown in Fig. 6 . We also 246 plot the variation of |φ(k 2 )| 2 , so that filtering of the spectral energy for the respective 247 wavenumbers is clearly evident. From the figure, it is observed that
increases by several orders of magnitude with decreasing |k 2 | until a certain value of |k 2 |,
249
after which it decreases with k 2 → 0. Since Mann [1994] does not assume isotropy in Wyngaard , 2010] . In our study, (Fig. 5) . Unfortunately, it is very difficult to measure 268 the two-and three-dimensional spectra, and hence, we cannot verify our explanation. findings of this study is that for the u and w components the beam interference phe-292 nomenon will be observed at the heights in the mean wind direction at which the distance 293 between the beams on the azimuth circle is equal to some odd multiple of the separation 294 distance (n − 1)∆x, n∆x and (n + 1)∆x; this is because of the assumption of Taylor's 295 hypothesis. We observe the influence of this beam interference phenomenon at 100 m for 296 the u and w components at approximately 2∆x, 3∆x, and 4∆x.
297
For the v component, we observe an offset in the spectral energy at very low frequencies 
